We define S(um)anD(ifference) numbers as ordered pairs (m, m+∆) such that the digitalsum DS(m(m + ∆)) = ∆. We consider both the decimal and the binary case. If both m and m + ∆ are prime numbers, we refer to SanD primes. We show that the number of (decimalbased) SanD numbers less than x grows as c1 · x, where c1 = 2/3, while the number of SanD primes less than x grows as c2 · x/ log 2 x, where c2 = 3/4. Due to the quasi-fractal nature of the digital-sum function, convergence is both slow and erratic compared to twin primes, which, apart from the constant, have the same leading asymptotics.
Introduction
In honour of the 95th birthday of one of the authors (FJD), another of the authors (NEF) coined the SanD prime problem. S(um)anD(ifference) primes are defined to be the subset of primes p ∈ PRIMES with the property that p × (p + ∆) = q, where the sum of the (decimal) digits of q, denoted DS(q), is equal to ∆, and p + ∆ ∈ PRIMES. There is only one pair involving the prime 2, viz. (2, 7), as 2(2 + 5) = 14, and DS(14) = 5. All other example involve odd primes, the numerically first of which is 5 × (5 + 14) = 95, both 5 and 19 are primes and 14 = 9 + 5.
If we relax the requirement of primality, we refer to SanD numbers.
Possible values of ∆.
Any natural number n can be written, in decimal form, as n = k α k · 10 k . Its digital sum, DS(n) = k α k . Since α k · 10 k = α k , mod(9), working in modulo 9 it follows that every number is equal to the sum of its digits. For SanD primes we require that DS(p(p + ∆)) = ∆. So p(p + ∆) − ∆ = 0 (mod 9) or (p − 1)(p + ∆ + 1) = 8 (mod 9). This excludes the values p + ∆ = 2, 5, 8 (mod 9), and since p + ∆ is prime, the values p + ∆ = 3, 6 , 9 are also excluded. This leaves p + ∆ = 1 , 4 , 7 giving p = 5 , 8 , 2 respectively. In each case we have ∆ = 5 (mod 9). If ∆ is odd, the only solution is p = 2, p+∆ = 7. If ∆ is even the only solutions are ∆ = 14+18k, with k = 0, 1, 2, 3, 4, · · · .
Expected asymptotic behaviour of SanD primes.
The fact that the pair p, p + ∆ are both primes suggests the (generalised) twin-prime conjecture, albeit constrained by the stringent condition on the sum of the digits of the product.
Recall that the number of unconstrained prime pairs (p, p + ∆) < x behaves as c · x/ log 2 x, where the constant c depends on ∆ ‡. In the case of SanD primes, ∆ = 14 + 18k, k = 0, 1, 2, · · · , (neglecting the isolated case ∆ = 5). However for x = 10 k , the number of possible choices for ∆ increases roughly as log 10 k. For example, for x = 10 8 there are exactly 8 values of ∆ contributing to the total number of SanD primes < 10 8 , as can be seen from Table 1 below. This would suggest an extra factor log x in the asymptotic behaviour of SanD primes.
There is however a second constraint, which is that the digital sum must be equal to ∆. The summands of the digits of the natural numbers up to 10 n vary from 1 to 9 log 10x, that is, from 1 to 9n. The distribution is symmetrical and unimodal. Since the number of summands is proportional to log x, the probability of a particular summand is proportional to 1/ log x. Similarly, restricting ourselves to primes, or even twin primes, the number of summands still appears to be proportional to log x, so the probability of a particular summand is given by the reciprocal, 1/ log x.
Thus we see that these two effects, the infinite number of possible values of ∆ and the constraint that the digital sum of the product p · (p + ∆) = ∆, cancel each other out. So we expect that, asymptotically, SanD primes grow as const · x/log 2 x.
Calculation of SanD numbers and primes.
We first wrote a Maple program to enumerate SanD primes, expecting that their behaviour would show the same sort of convergence as primes or twin primes. In a few hours on a 4GHz Intel i7 iMac with 64Gb of memory we could find all SanD primes as large as 3 × 10 8 , but convergence to any assumed asymptotic form was not smooth. Andrew Conway kindly wrote a C program that, on a larger computer with 32 cores and 256 Gb of memory enabled us to get to primes as large as 3 × 10 12 . In Table 1 below we give the number of SanD primes less than x for various values of x ≤ 3 × 10 12 , given with the appropriate value of ∆. We have seen that with ∆ = 5 there is only one SanD prime. With ∆ = 14 there appears to be only 19. This is misleading. They just become sparse. The next one is 11000000000000003, that is, at around 10 16 , which is beyond our enumerative ability. Indeed, for any valid value of ∆ there are an infinite number of SanD primes. We now sketch a constructive proof for the case ∆ = 14, which can be repeated mutatis mutandis for any other valid value of ∆. Proof: Assume that the primes behave like independent random variables. Consider the number S = 3 + 10 p + 10 q , with p, q > 0. Then S(S + 14) = 51 + 2.10 p+1 + 2.10 q+1 + 10 2p + 10 2q + 2.10 p+q .
The digital sum (5 + 1 + 2 + 2 + 1 + 1 + 2) is 14 for every such product, so the number of prime-pairs is probabilistically infinite. QED. Similar such numbers can be given for other values of ∆, showing that for every valid ∆ there is an infinite number of SanD primes.
Assuming that the number of SanD primes < x, T (x) ∼ c · x/ log x 2 as argued above, we have estimated the value of the constant c in three different ways. Firstly, as the number of Table 1 . SanD primes data. The contribution from ∆ = 5 adds 1 to each row and is not included in the table, but is in the total. primes less than x, denoted as usual by π(x), grows as x/ log x, it follows that xT (x)/π(x) 2 should converge to c. This estimator is given in the third column of Table 2 . Another estimator is T (x) · log x 2 /x, while if the asymptotics are similar to that of twin primes, T (x)/Li 2 (x) would converge more rapidly. Recall that asymptotically
so these differ only in the last quoted coefficient, and even then by only 20%. These last two estimators are given in columns four and five of Table 2 . Both seem to fit the SanD distribution somewhat better than the leading term, x/ log 2 x, and the same is true for binary SanD primes, discussed below. This may not persist for larger values of x than we are able to compute.
In no case is convergence smooth, unlike the corresponding situation for primes or twin primes. This is not surprising as the SandD primes are likely to have jagged irregularities in their distribution because the digit-sum function has jagged irregularities whenever the first or second digit changes from nine to zero. We expand on this in Sec. 5 below.
The data in Table 2 is totally consistent with a value of c ≈ 0.75. Taking data for x ≥ 10 6 , the third column entries average around c = 0.725, the fourth column average is c = 0.811, and the fifth column gives c = 0.721. This variation is indicative of the jagged convergence, and an estimate of c ≈ 0.75 seems appropriate. In the next section we show that indeed c = 3/4. Table 2 . SanD number analysis. π(x) is the number of primes < x. Despite the initial superficial similarity to twin primes, it is more appropriate to compare the SanD prime pairs with uncorrelated pairs of prime numbers. So we are comparing the number N 1 of prime pairs (a, b), assuming ordering a < b, with
and b < x, with the total number N 2 of prime pairs (a, b) in this range. We are interested in the ratio
The number N 2 of uncorrelated pairs is simply the square of the number of primes in this range. The Prime Number Theorem tells us that
asymptotically for large x where the factor 1/2 comes from the ordering.
The main statistical assumption is that the ratio r is a product of factors, one for each prime divisor q, with the divisibility of the candidate primes by different divisors q being uncorrelated. For each q, the factor is the ratio of probabilities of integer-pairs being both prime to q, with and without the digit-sum condition.
For every prime q not equal to 3, the digit-sums are distributed randomly over all the residue classes modulo q.
For each of these primes, the digit-sum condition does not change the probability that an integer-pair will both be prime to q. Each of these primes contributes a factor unity to the ratio r. Only for q = 3 does the digit-sum condition change the probabilities.
Since the digit-sum is equal to (ab) modulo 3, the pair (a, b) must always be (2, 1) modulo 3.
The chance that an uncorrelated pair (a, b) are both prime to 3 is (4/9), while a pair satisfying the digit-sum condition must be (2, 1) mod 3 or (0, 0) mod 3. Only in the first case are both prime to 3, so the probability is (1/2). The factor contributed by the prime 3 to the ratio r is then (1/2)/(4/9) = (9/8).
Multiplying all the factors together gives the result
where T 1 and T 2 are the total number of SanD numbers and SanD primes respectively. We calculate the number of SanD numbers asymptotically in the subsection below, and find
Since the digit-sums are small compared with x, we have asymptotically
This gives the final result as x tends to infinity,
The growth of SanD numbers
Define SanD numbers as the set of ordered pairs (a, b) such that 1 ≤ a < b ≤ x and b − a = DS(a · b), denoted T 1 above.
There are x − 1 choices for a and x/2 choices for b before applying the constraint on the digital sum. So the number of ordered pairs (a, b) grows like x 2 /2. The digital sum constraint means that DS(a·b) = 5 (mod 9) or 0 (mod 9). The constraint means that the quadratic growth of number pairs is reduced to linear growth. To see this, first note that b − a = DS(a 2 ) has exactly one solution for each a, namely b = DS(a 2 ) + a. So there are x such numbers < x. We expect this linearity to persist, so there will be C 1 · x such numbers < x solving b − a = D(a · b).
Now the divisibility condition on SanD numbers requires (a, b) = (0, 0) (mod 3) or (2, 1) (mod 3).
Since there are nine equally likely values for (a, b) (mod 3), this gives us a probability of 2/9 that pairs chosen at random satisfy the divisibility condition. Choosing two numbers at random, their product is equally likely to be 0, 1 or 2 (mod 3), so each product has probability 1/3. The ratio of these probabilities, 2/3, is the constant C 1 above, so the number of SanD numbers grows like 2x/3.
Binary SanD primes.
We have also investigated the properties of SanD primes in base 2. The number of SanD primes T 2 (x) less than x for x = 10 n , n = 2, 3, 4, · · · , 12 and x = 3 · 10 n for n = 9, · · · , 12, is given in the second column of Table 3. Note that T 2 (10) = 0.
As with base-10 SanD primes, we write T 2 (x) ∼ c · x/ log 2 x, and estimate c three different ways. Firstly, as the number of primes π(x) less than x grows as x/ log x, it follows that xT 2 (x)/π(x) 2 should converge to c. This estimator is given in the third column of Table 3 . Another estimator is T 2 (x) · log x 2 /x, while if the asymptotics are similar to that of twin primes, T 2 (x)/Li 2 (x) would converge more rapidly. These last two estimators are given in columns four and five of Table 3 . We see that convergence is significantly smoother than in the base-10 case, but still not monotonic, due to the jagged irregularities in the digit-sum function, as discussed above and below.
Nevertheless, a glance at the table entries would suggest a limit of 1 and this can be explained. These numbers show clearly the difference between decimal and binary digit-sums. The decimal sum of x differs from x by a multiple of 9, and this causes the bunching of SandD primes into the groups ∆ = 14, 32, 50, etc. In the binary case the 9 is replaced by 1, and the divisibility by 1 does not cause any bunching. There is only the divisibility by 2 imposed by the fact that all primes after 2 are odd. So we see that the binary coefficients converge to the value 1 rather than 3/4. For the binary case, there is no special prime that plays the role of 3 in the decimal case. For the binary case, every SandD integer pair of size x has an equal chance 1/ log 2 x of being a prime-pair.
Erratic convergence.
Consider first the digital sum function DS(n), where n is a natural number in the usual decimal base. This function ranges from 1 to 9 log 10 n. The minimum is clearly achieved when n = 10 m for any m ≥ 0, while the maximum is achieved when n = 10 m − 1, for m > 0. This function, plotted in Fig. 1 below, displays saw-tooth behaviour. Table 3 . Binary SanD number analysis. π(x) is the number of primes < x. The saw-tooth behaviour of digital sums introduces a saw-tooth pattern in the counts of SanD primes, and it is this behaviour that makes the numerical, or indeed analytical establishment of the asymptotics difficult. We can see this in the following two figures, which show the approach to the dominant asymptotic term for both SanD primes and twin-primes. The number of SanD primes or twin-primes less than x is given asymptotically by c · x/ log 2 x, where as shown above c = 3/4 for SanD primes and c = 2 · C 2 for twin-primes, where C 2 = .6601618158468695739278 · · · is the twin-prime constant, or Hardy-Littlewood constant [2] .
In Fig 2 for SanD primes we have plotted T (x) · log 2 x/x for x = 10 n , and n = 2 . . . 12. We see the plot displays a local minimum at n = 10 4 , a local maximum at n = 10 6 , a local minimum at n = 10 9 and presumably a local maximum at n > 10 12 . From this plot the limit c = 3/4 is plausible but by no means compelling.
By contrast the corresponding plot for twin-primes, where we have plotted π 2 (x) · log 2 x/x for a similar range of x values and shown in Fig 3, displays monotonic convergence, apart from a bump at n = 10 4 , which can be disregarded as a small number effect. Convergence to c = 1.32032 · · · is entirely consistent with the plot. Data is available to n = 10 18 for twin-primes, and this additional data (not shown) just reinforces the previous remark about convergence. That is to say, the ordinates continue to decrease monotonically, with the last entry at n = 10 18 being 1.389 · · · .
To see the effect of the saw-tooth oscillations induced by the digital sum condition more prominently, we assume the value of the dominant asymptotic term, subtract it from the total counts, and calculate the sub-dominant amplitude, which we assume to be c 2 · x/log 3 x in both cases. In the case of twin-primes this follows from the asymptotics of
Hence we expect c 2 = 4C 2 = 2.64064 · · · in this case. For SanD primes we have not calculated the value of c 2 as we don't know how. For twin-primes we have estimated the constant c2 by forming the sequence
For SanD primes the count T (x) replaces π 2 (x) and 3/4 replaces 2C 2 in the first parenthesis above. In Fig. 4 we show the estimates of c 2 for twin primes plotted for successive decades, just as we did for the dominant constant c in Fig. 3 . In this case we have shown the plots out to x = 10 18 . The plot is clearly decreasing monotonically for n > 6 to a value entirely consistent with our expectation of 2.64 · · · .
The corresponding plot for SanD primes is shown in Fig 5. In this case we only have data out to x = 3 × 10 12 , and that is what we have used in constructing this plot. The saw-tooth oscillations induced by the digital sum conditions are very clear. We have decreasing local maxima at n = 2, 6 and presumably at some value beyond n = 12.477. While it is clearly not possible to extrapolate this plot, given the overall decreasing behaviour of the local maxima (and minima), it appears likely that c2 is in fact zero or negative in this case. This would in turn explain the behaviour of the third and fifth columns of Table 2 , where the estimators of the leading amplitude fall below the value 3/4 and only reverse this trend at x = 3 × 10 9 . Figure 2 . Estimate of the dominant asymptotic term c for SanD primes. The points should go to the value 3/4. The abscissa is logarithmic.
Binary SanD primes
In Fig. 1 we showed the digital sums of the first 10000 natural numbers in the usual decimal base. A strong sawtooth pattern is evident. In Fig. 6 we show the analogous plot of the digital sum of the first 10 6 binary numbers. The sawtooth behaviour evident with decimal digital sums is also seen here, but is much less prominent than in the decimal case. This is consistent with the somwhat smoother convergence of the relevant constant to its asymptotic value, shown in Table 3 , compared to the decimal case, as seen in Table 2 .
We can repeat the analysis just shown for decimal SanD primes for their binary counterpart. In Fig 7 we show a plot of T 2 (x) · log 2 x/x for x = 10 n , and n = 2 . . . 12, and x = 3 · 10 n for n = 8, . . . 12. One sees local maxima at n = 3, 8, 12 and local minima at n = 6, 11.
As with the decimal case, to see the effect of the sawtooth oscillations induced by the digital sum condition more prominently, we assume the value of the dominant asymptotic term, subtract it from the total counts, and calculate the sub-dominant amplitude, which we again assume to be c2 · x/log 3 x. So for binary SanD primes we subtract 1 · x/ log 2 x and assume that the remainder behaves as c 2 · x/ log 3 x. Multiplying the remainder by log 3 x/x, gives an estimate of c 2 , and this amplitude is plotted in Fig. 8 . Unlike the decimal case, the locus of local minima is increasing, and that of local maxima is decreasing, which suggests a limit somewhere between 2 and 2.5.
Given the behaviour of columns 3 and 5 in Table 3 , where the normalising factor has the asymptotic behaviour
this is not unexpected. Indeed, we may well conjecture that c2 ≈ 2 for binary SanD primes.
Conclusion
We have defined SanD numbers as ordered pairs (m, m + ∆) such that the digital-sum DS(m(m + ∆)) = ∆. We considered both the decimal and the binary case. If both m and m + ∆ are prime numbers, we refer to SanD primes. We show that the number of (decimal-based) SanD numbers less than x grows as c1 · x, where c1 = 2/3, while the number of SanD primes less than x grows as c2 · x/ log 2 x, where c2 = 3/4. Due to the sawtooth nature of the digital-sum function, convergence is both slow and erratic compared to the corresponding situation with twin primes, which, apart from the constant, have the same leading asymptotics. We nevertheless provide compelling numerical evidence and heuristic arguments that the sub-dominant asymptotic term in the case of decimal-based SanD primes is c2x log 3 x , where c 2 ≤ 0. The twin prime distribution fits well the SanD prime pair numbers in both the decimal and binary cases i.e C · Li 2 (x) where C = 3/4 and 1 respectively, in contrast with the twin primes conjecture [2] distribution with C = 2 · C 2 = 1.32.... where C 2 is the twin prime constant, for primes less than 3 × 10 12 . The first correction to the leading asymptotics is O(1/ log x), which is 0.035 for x = 3 × 10 12 , so we are quite far from true asymptopia. For binary SanD primes we show that the number of such primes T 2 (x) behaves as T 2 (x) ∼ c·x/ log 2 x with c = 1, and give weak evidence that the sub-dominant term is c 2 ·x/ log 3 x, with c 2 ≈ 2.
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